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 A simple question in quantum mechanics about distance

 A concept in quantum computation : circuit complexity 

 Geometric descriptions of quantum dynamics

Symmetry
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Quantum evolution: a central task in quantum mechanics

i∂tΨ = H(t)Ψ(t)Schrödinger equation Mathematical description

How to visualize quantum dynamics?
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The most fundamental example:

Bloch sphere

Felix Bloch
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θ

ϕ
Ψ =

e−i ϕ
2 cos θ

2

ei ϕ
2 sin θ

2

H(t) = ⃗B ⋅ ⃗S

i∂tΨ = H(t)Ψ(t) (θ(t), ϕ(t))Trajectory on a Bloch sphere

Textbook results



Bloch sphere Why a sphere? 

But… ds2 = dθ2 + sin2 θdϕ2

⟨Sz⟩ = cos θ ⟨Sx⟩ = sin θ cos ϕ ⟨Sy⟩ = sin θ sin ϕ

⟨Sz⟩2 + ⟨Sy⟩2 + ⟨Sz⟩2 = 1
!!

	!"

!#

!$!

"!
x

y

z

!

(a) (b)

Ψ(θ, ϕ) =
e−i ϕ

2 cos θ
2

ei ϕ
2 sin θ

2

Ψ′￼ = Ψ(θ + dθ, ϕ + dϕ)

Fidelity ds2
F = 1 − |⟨Ψ′￼|Ψ⟩ |2 ds2

F = dθ2 + sin2 θdϕ2

Any other more physical means? 

How about the distance between two wavefunctions? 

|Ψ⟩ |Ψ′￼⟩



Circuit complexity

A tool in quantum computation to help

How to design the optimal quantum algorithm to 
reach the target 

Optimal: the least cost 
m

We need to quantitatively define the cost 

An intuitive picture: operating a single gate requires a certain cost  

The total cost needs to be minimized 

M. A. Nielsen, et al., Quantum computation as geometry, 
Science 311, 1133 (2006)

G1, G2, . . . , GN Generators are fixed

e−i∑N
i=1 Yi(m)GiA gate:



e−iY(m)Sz

Example: A single qubit, a single generator Sz

Cost in each step:

m Y(m)

A gate in the m-th step: a rotation about the z-axis

Rotation angle in the m-th step

Lager ,  larger cost  |Y(m) | You need to wait longer 
or your advisor needs to pay a larger electricity bill

f(m) = |Y(m) |

Total cost F = ∑
m

f(m) = ∑
m

|Y(m) |
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Cost function:f(m) =
N

∑
i=1

|Yi(m) | F = ∑
m

f(m)Cost in each step:

More generic cases e−i∑N
i=1 Yi(m)Gi

Other cost functions are also allowed

f(m) =
N

∑
i=1

Y2
i (m) cost of applying generators are not independent

f(m) =
N′￼<N

∑
i=1

Y2
i (m) No cost to apply certain generators at all



A quantum algorithm is a discrete quantum evolution

Continuum limit:

H(τ) =
N

∑
i=1

ξi(τ)Gi

Discrete label m is replaced by a continuous variable τ

U(τ,0) = Te−i ∫τ
0 H(τ′￼)dτ′￼Ψ(τ) = U(τ,0)Ψ(0) Propagator 

Cost function F = ∫
τ

0
dτ′￼f(τ′￼)

f(τ′￼) =
m

∑
i

|ξi(τ′￼) | , f(τ′￼) = ∑
i

ξ2
i (τ′￼), . . .



H(τ) =
3

∑
i=1

ξi(τ)Gi (G1, G2, G3) = (Sx, Sy, Sz)Example:

F = constant × τ

Least cost: least time to reach the target state!

Optimal algorithm: the fastest approach

⃗ξ = (ξ1, ξ2, ξ3) A magnetic field

F = ∫
τ

0
dτ′￼f(τ′￼)f(τ′￼) =

3

∑
i=1

ξ2
i (τ′￼)Cost function

Physical meaning:

If the strength of the magnetic field is fixed B =
3

∑
i=1

ξ2
i (τ′￼) = constant

Cost = time !



Why a constant B ?

Fair comparison: larger B , faster rotation, less time 

To compare different algorithms or approaches, we need to choose the same B

In any case, there is an upper limit of B  one can access in a lab

MagLab Reclaims Record for 
Strongest Resistive Magnet

Published August 22, 2017

41.4-tesla

https://nationalmaglab.org/news-events/news/strongest-resistive-magnet

China has set a new world record for 
the strongest steady magnetic field
SEPTEMBER 7, 2022

https://scitechdaily.com/1400000-times-stronger-than-earths-new-
record-for-strongest-steady-magnetic-field/

45.22 teslas



Defining a cost function allows us to unfold the geometry 

A geometric interpretation of circuit complexity M. A. Nielsen, et al., Quantum 
computation as geometry, Science 

311, 1133 (2006)

H(τ) =
3

∑
i=1

ξi(τ)Gi (G1, G2, G3) = (Sx, Sy, Sz)

3

K0 K1 K2

One mode squeezing (2a†
a+ 1)/4 (a†2 + a

2)/4 (a†2 � a
2)/(4i)

Two mode squeezing (a†
a+ b

†
b+ 1)/2 (a†

b
† + ab)/2 (a†

b
† � ab)/(2i)

Efimov states
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2
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Scale-invariant quantum systems
�P

i(�r2
i + r

2
i ) +

P
i 6=j U(~ri � ~rj)

�
/4

�P
i(�r2

i � r
2
i ) +

P
i 6=j U(~ri � ~rj)

�
/4

P
i (~ri ·ri +ri · ~ri) /(4i)

a spin in a complex magnetic field S0 iS1 iS2

TABLE I. Generators of su(1,1) algebra in some Hermitian and non-Hermitian systems. a, b (a(†), b(†)) are bosonic annihilation
(creation) operators. R is the hyper-radius. s0 is the three-body parameter. R and ~ri has the unit of harmonic length
l0 =

p
~/(M(0)!(0)). U has unit ~!(0). The two-body interaction satisfies U(�~r) = �

�2
U(~r) for any �. Si=0,1,2 are angular

momentum operators.

harmonic trap is written as

H =
X

i

✓
� ~2
2M

r2
i +

1

2
M!2(t)r2i

◆
+

X

i<j

U(~ri � ~rj),

(11)
where U(~r) is the interaction giving rise to a divergent
scattering length. Without loss of generality, we have
considered a time-dependent trapping frequency. Using
the fourth row of Table I, we see that

H = ~!(t)
⇥�
� + ��1

�
K0 �

�
� � ��1

�
K1

⇤
, (12)

where �(t) = M(t)!(t)
M(0)!(0) . !0 = !(0) sets the time scale

of the system. We have defined the SU(1,1) genera-
tors using the Hamiltonian at t = 0. The mass M is
fixed for unitary fermions in 3D harmonic traps, but
can, in general, be tuned as a function of time. For
instance, the e↵ective mass at band bottom in an op-
tical lattice could be tuned through a time-dependent
tunnelling strength [20]. Since ⇠0 = ~!(��1 + �), ⇠1 =
~!(��1 � �), when !(t) = 0, ⇠0 = ⇠1, and ⇠ = 0. Turn-
ing o↵ the harmonic trap, the free expansion of uni-
tary fermions thus corresponds to light propagating on
the light cone of AdS2+1. If the system is initially pre-
pared at the many-body ground state in a harmonic trap
of a frequency !0, the trajectory in AdS2+1 is written
as (⌘(t),'(t), (t)) = (arcsinh(!0t/2), arctan(!0t/2), 0).
Correspondingly, hK0i(t) = (1+!2

0t
2/2)hK0i(0), hK1i =

�!2
0t

2/2hK0i(0). The radius of the fermion cloud is then
written as hr2i(t)/hr2i(0) = 1 + !2

0t
2.

Similarly, dynamics in a confining (repelling) potential
with a positive (negative) !2 is mapped to trajectories in
the timelike (spacetime) regime. It is worth mentioning
that unitary fermions is only one example of many-body
systems with scale-invariant systems. Other examples in-
clude 2D fermions and bosons with contact interactions,
Calogero-Sutherland gases with 1/r2 interaction [24–28].
The same conclusions also apply to these systems.

Two-mode and one-mode squeezing in quantum optics
provide alternative representations of SU(1,1) group, as
shown in Table I [29]. Bose-Einstein condensates with
time-dependent interactions, spinor condensates with
time-dependent quadratic Zeeman splitting, and fast ro-
tating gases in the lowest Landau levels also allow ex-
perimentalists to access two-mode squeezing [30–33]. In

all these systems, parametric amplifications, which are
also referred to as dynamical instability [34–38], may oc-
cur when ⇠2 < 0. As such, the light cone in the emer-
gent AdS2+1 underlies the onsite of parametric amplifi-
cation. The dynamically stable (unstable) regime then
corresponds to the timelike (spacelike) regime. Similar
conclusions hold in Floquet deformed conformal field the-
ory, where the non-heating (heating) phase corresponds
to the timelike (spacelike) regime [39, 40].

Among all representations of SU(1,1) group, it is worth
mentioning the non-Hermitian one, as shown by the last
row of Table I. Since the angular momentum opera-
tors Si=0,1,2 satisfy [Si, Sj ] = i✏ijkSk, where ✏ijk is the
Levi-Civita symbol, it is clear that K1,2 = iS1,2 and
K0 = S0 transfer the su(2) algebra to the su(1,1) al-
gebra. In other words, the Hamiltonian of a spin subject
to a complex magnetic field, ~B = {B0, B1, B2}, can be
written as H(⌧) =

P2
i=0 ⇠iKi, or equivalently, H(⌧) =P2

i=0 Bi(⌧)Si, where B0 = ⇠0 2 R and B1,2 = i⇠1,2 2 I.
Such a Hamiltonian plays a fundamental role in non-
Hermitian physics. A profound result is the existence
of an exceptional point denoted by

P2
i=0 B

2
i = 0. Such

an exceptional point signifies the PT transition across
which the energy spectrum becomes complex. It has also
been widely implemented in quantum sensing [41–49].

A unique feature of the exceptional point is that eigen-
states coalesce. Such coalesced eigenstates make it prob-
lematic to apply the conventional method of expand-
ing the time-dependent wavefunction using eigenstates.
Here, we see that dynamics at the exceptional point are
dual to light propagating on the light cone of AdS2+1.
For instance, starting from the ground state of a Hamil-
tonian H = B0S0, where B0 2 R, a quantum quench by
suddenly turning onB1 = iB0,H = B0(S0+iS1) accesses
dynamics on the light cone. Similarly, the PT symmetry
broken(unbroken) phase is mapped to spacelike(timelike)
regime in AdS2+1. Though circuit depth and complexity
are often used in unitary evolutions of Hermitian sys-
tems, the intrinsic relation between SU(1,1) and SU(2)
tells us they can also be implemented in non-Hermitian
systems.

In addition to providing a new theoretical perspective
to equate quantum dynamics and geometry, the emer-
gent AdS2+1 o↵ers experimentalists a unique means to

Generators of SU(2)

Example:

U(τ,0) = Te−i ∫τ
0 H(τ′￼)dτ′￼Ψ(τ) = U(τ,0)Ψ(0)

Parametrized by U(ϕ, θ, φ) = e−iϕSze−iθSye−iφSz

U(ϕ, θ, φ)(1
0) = e−i φ

2
e−i ϕ

2 cos θ
2

ei ϕ
2 sin θ

2



i
dU
dτ

U−1 = H(τ) = ξxSx + ξySy + ξzSzU(τ,0) = Te−i ∫τ
0 H(τ′￼)dτ′￼

U(ϕ, θ, φ) = e−iϕSze−iθSye−iφSz i
dU
dτ

U−1 = ∑
i=x,y,z

Xi (ϕ, θ, φ,
dϕ
dτ

,
dθ
dτ

,
dφ
dτ ) Si

Excise: work out the explicit expressions 

ds = dτ ξ2
x + ξ2

y + ξ2
zDefine a line element F = ∫ ds

Length = Time (Constant magnetic field) 

ds2 = dθ2 + dϕ2 + dφ2 + 2 cos θdφdϕ Three-dimensional sphere (3-sphere) 



ds2 = dθ2 + dϕ2 + dφ2 + 2 cos θdφdϕ

e−i φ
2

e−i ϕ
2 cos θ

2

ei ϕ
2 sin θ

2

(1
0)

H(τ)

H′￼(τ)

Length on a 3-sphere= time spent to reach the final state

Any quantum dynamics is mapped to a trajectory on a 3-sphere  

Hoptimal(τ)

Geodesic on a 3-sphere= Fastest trajectory to reach the final state



From 3-sphere to 2-sphere 

e−i φ
2

e−i ϕ
2 cos θ

2

ei ϕ
2 sin θ

2

ds2 = dθ2 + dϕ2 + dφ2 + 2 cos θdφdϕ

Consider  as a function of  :   ds dφ ds (dφ)

dφ = − cos θdϕ

Different  : the same stateφ

Choose  that gives rise to min    dφ ds ds2 = dθ2 + sin2 θdϕ2
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dϕ

θ



Other cost functions

ds = dτ αxξ2
x + αyξ2

y + αzξ2
z

αx = αy < αz αx = αy > αz

Example:
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Fixing   in comparisonsαxξ2
x + αyξ2

y + αzξ2
z

More cost when rotating about z Less cost when rotating about z 
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[Sx, Sy] = iSz
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[Sz, Sx] = iSy
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[Sy, Sz] = iSx
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Symmetry Geometry

Ψ(τ) =
e−i ϕ(τ)

2 cos θ(τ)
2

ei ϕ(τ)
2 sin θ(τ)

2

Dynamics



SU(1, 1) echoes for breathers in quantum gases

Chenwei Lv,1, ⇤ Ren Zhang,1, 2, ⇤ and Qi Zhou1, 3, †

1Department of Physics and Astronomy, Purdue University, West Lafayette, IN, 47907, USA
2School of Science, Xi’an Jiaotong University, Xi’an, Shaanxi 710049

3Purdue Quantum Science and Engineering Institute,
Purdue University, West Lafayette, IN 47907, USA

(Dated: October 27, 2020)

Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.

It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as

|k, zi = (1� |z|2)k
1X

n=0

s
�(2k + n)

�(n+ 1)�(2k)
z
n |k, ni , (2)

where �(x) is the gamma function. k is determined by
the Casimir operator C = K

2
0 � K

2
1 � K

2
2 , C |k, ni =

k(k� 1) |k, ni. A single Poincaré disk is characterized by
a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines

[28–40]. However, it has not been implemented to study
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Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.

It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as

|k, zi = (1� |z|2)k
1X

n=0

s
�(2k + n)

�(n+ 1)�(2k)
z
n |k, ni , (2)

where �(x) is the gamma function. k is determined by
the Casimir operator C = K

2
0 � K

2
1 � K

2
2 , C |k, ni =

k(k� 1) |k, ni. A single Poincaré disk is characterized by
a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines

[28–40]. However, it has not been implemented to study
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Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.

It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].
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between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as

|k, zi = (1� |z|2)k
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where �(x) is the gamma function. k is determined by
the Casimir operator C = K
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2 , C |k, ni =

k(k� 1) |k, ni. A single Poincaré disk is characterized by
a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines
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Another example:

H(τ) =
2

∑
i=0

ξi(τ)Ki

2

constant ⇠. Meanwhile, the line element,

ds =
q

�⇠20 + ⇠21 + ⇠22d⌧/(2~) (4)

is equivalent to the experimental time d⌧ once the field
strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
in Eq.(3) can be either real or imaginary, dependent on
Sign(⇠2). This simply corresponds to whether it is space-
like or timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U =
Te�i

R
d⌧ 0H(⌧ 0)/~ with H(⌧) =

P2
i=0 ⇠i(⌧)Ki [21],

U = e�iK0('� )e�2iK1⌘e�iK0('+ ), (5)

where ⌘,  and ' are functions of ⌧ . Since i~dU
d⌧ U

�1 =P2
i=0 ⇠i(⌧)Ki, we obtain ⇠i = Tr[i~dU

d⌧ U
�1K†

i ], with

Cartan-Killing inner product Tr(KiK
†
j ) = �ij [22]. Sub-

stituting Eq.(5) to the right-hand side of this expression,
⇠i is expressed as a function of ⌘,  , ' and d⌘/d⌧ , d /d⌧ ,
d'/d⌧ . The line element in Eq.(4) is then expressed in
terms of ⌘,  , ' and d⌘, d , d', and we obtain

ds2 = d⌘2 � cosh2(⌘)d'2 + sinh2(⌘)d 2. (6)

Eq.6 describes a curved spacetime with a constant nega-
tive curvature, known as the Anti-de Sitter (AdS) space-
time in (2+1) dimensions [23]. A coordinate transforma-
tion ⌘ = 2arctanh(⇢) leads to

ds2 = �
✓
1 + ⇢2

1� ⇢2

◆2

d'2+
4

(1� ⇢2)2
�
d⇢2 + ⇢2d 2

�
, (7)

and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.

�

��
O

P
R

P� 

FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
proper distance, geodesics distinguish themselves from
other trajectories. Counterparts of geodesics in AdS2+1

turn out to be quench dynamics, in which ⇠i=0,1,2 are
time-independent constants,

Tr


d

d⌧

✓
i
dU

d⌧
U�1

◆
K†

i

�
= 0. (9)

Applying the parameterization of U in Eq. 5, we obtain

d2'

d⌧2
= �2 tanh(⌘)

d'

d⌧

d⌘

d⌧
,

d2⌘

d⌧2
= � sinh(⌘) cosh(⌘)

"✓
d'

d⌧

◆2

�
✓
d 

d⌧

◆2
#
,

d2 

d⌧2
= �2 coth(⌘)

d 

d⌧

d⌘

d⌧
.

(10)

This is precisely geodesic equations in AdS2+1 (Supple-
mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D

ξ2
0 − ξ2

1 − ξ2
2

B̃ = ξ2
0 − ξ2

1 − ξ2
2

H(τ) =
2

∑
i=0

ξi(τ)Si

ξ2
0 + ξ2

1 + ξ2
2

B = ξ2
0 + ξ2

1 + ξ2
2

Field strength
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constant ⇠. Meanwhile, the line element,

ds =
q

�⇠20 + ⇠21 + ⇠22d⌧/(2~) (4)

is equivalent to the experimental time d⌧ once the field
strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
in Eq.(3) can be either real or imaginary, dependent on
Sign(⇠2). This simply corresponds to whether it is space-
like or timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U =
Te�i

R
d⌧ 0H(⌧ 0)/~ with H(⌧) =

P2
i=0 ⇠i(⌧)Ki [21],

U = e�iK0('� )e�2iK1⌘e�iK0('+ ), (5)

where ⌘,  and ' are functions of ⌧ . Since i~dU
d⌧ U

�1 =P2
i=0 ⇠i(⌧)Ki, we obtain ⇠i = Tr[i~dU

d⌧ U
�1K†

i ], with

Cartan-Killing inner product Tr(KiK
†
j ) = �ij [22]. Sub-

stituting Eq.(5) to the right-hand side of this expression,
⇠i is expressed as a function of ⌘,  , ' and d⌘/d⌧ , d /d⌧ ,
d'/d⌧ . The line element in Eq.(4) is then expressed in
terms of ⌘,  , ' and d⌘, d , d', and we obtain

ds2 = d⌘2 � cosh2(⌘)d'2 + sinh2(⌘)d 2. (6)

Eq.6 describes a curved spacetime with a constant nega-
tive curvature, known as the Anti-de Sitter (AdS) space-
time in (2+1) dimensions [23]. A coordinate transforma-
tion ⌘ = 2arctanh(⇢) leads to

ds2 = �
✓
1 + ⇢2

1� ⇢2
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d'2+
4

(1� ⇢2)2
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d⇢2 + ⇢2d 2
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, (7)

and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.
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FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
proper distance, geodesics distinguish themselves from
other trajectories. Counterparts of geodesics in AdS2+1

turn out to be quench dynamics, in which ⇠i=0,1,2 are
time-independent constants,
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This is precisely geodesic equations in AdS2+1 (Supple-
mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D

Define line element
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constant ⇠. Meanwhile, the line element,

ds =
q

�⇠20 + ⇠21 + ⇠22d⌧/(2~) (4)

is equivalent to the experimental time d⌧ once the field
strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
in Eq.(3) can be either real or imaginary, dependent on
Sign(⇠2). This simply corresponds to whether it is space-
like or timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U =
Te�i

R
d⌧ 0H(⌧ 0)/~ with H(⌧) =
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i=0 ⇠i(⌧)Ki [21],
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Cartan-Killing inner product Tr(KiK
†
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stituting Eq.(5) to the right-hand side of this expression,
⇠i is expressed as a function of ⌘,  , ' and d⌘/d⌧ , d /d⌧ ,
d'/d⌧ . The line element in Eq.(4) is then expressed in
terms of ⌘,  , ' and d⌘, d , d', and we obtain

ds2 = d⌘2 � cosh2(⌘)d'2 + sinh2(⌘)d 2. (6)

Eq.6 describes a curved spacetime with a constant nega-
tive curvature, known as the Anti-de Sitter (AdS) space-
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, (7)

and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.
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FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
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mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D
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strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
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disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
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If ⇠ = 0, from Eq.(4), we see that this gives rise to
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centered at the origin is written as
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Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
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ward.
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K0 (K1) is the Hamiltonian in a harmonic (inverted har-
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placed at the origin, any quantum evolution governed by
a Hamiltonian H =
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(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
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about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.

�

��
O

P
R

P� 

FIG. 1. An AdS2+1. Each cross section with a constant ' is
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Examples of quantum systems with SU(1,1) dynamical symmetry

Bogoliubov theory for weakly interacting bosons

H = ∑⃗
k

ϵk0c†
k ck + U0 ∑⃗

k, ⃗k′￼, ⃗q

c†
⃗q+ ⃗k

c†
⃗q− ⃗k

c ⃗q− ⃗k′￼
c†

⃗q+ ⃗k′￼

H = ∑⃗
k

ϵkc†
k ck + U∑⃗

k

(c†
⃗k
c†
− ⃗k

+ h . c.) U = U0N0

condensation at ⃗k0 = 0

H = ∑⃗
k

ϵkc†
k ck + U cos(ωt)∑⃗

k

(c†
⃗k
c†
− ⃗k

+ h . c.) = ∑⃗
k

H ⃗k


��/$

� �

�

�

�

�
�%
*!
+-
��/

$
�	
��

�


�

��

������$* 
�$* ���$* ���$* ���$* 	��$*

�

�

�

�

������$*


��$*


��$*�

�

�
�

� � ��
�

	��

�

�
!%
�+
!�
��
%�
)�
-�
�
� 
��"
�
.�

�&�,#�+!&%��)�(,�%�-����"�.��'+!��#���%*!+-� �

��

��
�

��
�

����/$

�$
���

�!$�

�
��
++�
)!%
�

��
%�
+ 
�	
�

� ��
���

	��
	��

Figure 12: Reproduction of Figure 1 from [145]. (a) Schematic of pillbox shaped trap. (b) Protocol for
modulating scattering length. (c) Images of cloud from above, following different modulation times τ . (d)
Images from side. (e) Kinetic energy of atoms in jets as a function of modulation frequency.

that the jet-structure arises because the particles with momenta k and −k show up in pairs, and modes with
different |k| are decoupled.

In a project led by the Mueller group, we will model this experiment using a variant of a technique
from mesoscopic transport theory [146, 147]. This is simplest in the limit where the rate of particles
leaving the condensate is small. One can then neglect the change of the condensate and envision a “steady
state” where the particle flux is time independent. In this limit, one can expand Eq. (4) to quadratic
order in fluctuations. Furthermore, one can make a rotating wave approximation, followed by a gauge
transformation to eliminate the time dependence. The steady state is then uniquely defined as the many-
body eigenstate of this Hamiltonian with the property that there is no particle-flux incoming from infinity.
This boundary condition is similar to one used solid-state transport problems, where the currents coming
into a device are specified.

Space will be separated into two regions: inside the condensate and outside. The Hamiltonian can
formally be broken into three pieces H = Hin+Hout+Λ: the field operators in Hin and Hout only involve
positions inside or outside the condensate. The terms in the Hamiltonian which involve the boundary are
placed in Λ. I will use uses Hout to generate a set of Greens functions which describe the modes outside
of the condensate. In the present case these will be matrix Greens functions, containing information about
coherences. We will then combine these Greens functions with Λ to generate a self-energy which expresses
the influence of the outside modes on the inside as an energy dependent boundary term. Using this self-
energy weI will then be able to generate the Greens functions for the interior. Finally, we will then use the
arguments from transport theory to combine these functions and produce an expression for the occupations
of the outgoing modes. Physically, this procedure amounts to modeling the vacuum modes incident from
infinity, interacting with the condensate, then moving back to infinity. In the process they go from empty
to filled. There are a number of non-equilibrium experiments which can be modeled with this technique,

23
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Figure 12: Reproduction of Figure 1 from [145]. (a) Schematic of pillbox shaped trap. (b) Protocol for
modulating scattering length. (c) Images of cloud from above, following different modulation times τ . (d)
Images from side. (e) Kinetic energy of atoms in jets as a function of modulation frequency.

that the jet-structure arises because the particles with momenta k and −k show up in pairs, and modes with
different |k| are decoupled.

In a project led by the Mueller group, we will model this experiment using a variant of a technique
from mesoscopic transport theory [146, 147]. This is simplest in the limit where the rate of particles
leaving the condensate is small. One can then neglect the change of the condensate and envision a “steady
state” where the particle flux is time independent. In this limit, one can expand Eq. (4) to quadratic
order in fluctuations. Furthermore, one can make a rotating wave approximation, followed by a gauge
transformation to eliminate the time dependence. The steady state is then uniquely defined as the many-
body eigenstate of this Hamiltonian with the property that there is no particle-flux incoming from infinity.
This boundary condition is similar to one used solid-state transport problems, where the currents coming
into a device are specified.

Space will be separated into two regions: inside the condensate and outside. The Hamiltonian can
formally be broken into three pieces H = Hin+Hout+Λ: the field operators in Hin and Hout only involve
positions inside or outside the condensate. The terms in the Hamiltonian which involve the boundary are
placed in Λ. I will use uses Hout to generate a set of Greens functions which describe the modes outside
of the condensate. In the present case these will be matrix Greens functions, containing information about
coherences. We will then combine these Greens functions with Λ to generate a self-energy which expresses
the influence of the outside modes on the inside as an energy dependent boundary term. Using this self-
energy weI will then be able to generate the Greens functions for the interior. Finally, we will then use the
arguments from transport theory to combine these functions and produce an expression for the occupations
of the outgoing modes. Physically, this procedure amounts to modeling the vacuum modes incident from
infinity, interacting with the condensate, then moving back to infinity. In the process they go from empty
to filled. There are a number of non-equilibrium experiments which can be modeled with this technique,
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Figure 12: Reproduction of Figure 1 from [145]. (a) Schematic of pillbox shaped trap. (b) Protocol for
modulating scattering length. (c) Images of cloud from above, following different modulation times τ . (d)
Images from side. (e) Kinetic energy of atoms in jets as a function of modulation frequency.

that the jet-structure arises because the particles with momenta k and −k show up in pairs, and modes with
different |k| are decoupled.

In a project led by the Mueller group, we will model this experiment using a variant of a technique
from mesoscopic transport theory [146, 147]. This is simplest in the limit where the rate of particles
leaving the condensate is small. One can then neglect the change of the condensate and envision a “steady
state” where the particle flux is time independent. In this limit, one can expand Eq. (4) to quadratic
order in fluctuations. Furthermore, one can make a rotating wave approximation, followed by a gauge
transformation to eliminate the time dependence. The steady state is then uniquely defined as the many-
body eigenstate of this Hamiltonian with the property that there is no particle-flux incoming from infinity.
This boundary condition is similar to one used solid-state transport problems, where the currents coming
into a device are specified.

Space will be separated into two regions: inside the condensate and outside. The Hamiltonian can
formally be broken into three pieces H = Hin+Hout+Λ: the field operators in Hin and Hout only involve
positions inside or outside the condensate. The terms in the Hamiltonian which involve the boundary are
placed in Λ. I will use uses Hout to generate a set of Greens functions which describe the modes outside
of the condensate. In the present case these will be matrix Greens functions, containing information about
coherences. We will then combine these Greens functions with Λ to generate a self-energy which expresses
the influence of the outside modes on the inside as an energy dependent boundary term. Using this self-
energy weI will then be able to generate the Greens functions for the interior. Finally, we will then use the
arguments from transport theory to combine these functions and produce an expression for the occupations
of the outgoing modes. Physically, this procedure amounts to modeling the vacuum modes incident from
infinity, interacting with the condensate, then moving back to infinity. In the process they go from empty
to filled. There are a number of non-equilibrium experiments which can be modeled with this technique,
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Poincaré disk: Visualization of more generic dynamics
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and it will be useful to develop this formalism.
B. Emergent geometry from non-equilibrium dynamics (led by Zhou)
The physics discussed in the last section, where there is a Bogoliubov mode which grows exponentially,

can be reformulated in a more general language, that reveals an underlying geometric structure. Similar
physics occurs if one suddenly changes the strength of the interactions in a BEC – and that is a simpler
setting to explore the same physics. This emergent geometry is very general, and this concept can unify
a wide range of experiments. Furthermore, we can use it to engineer a generalization of spin echos –
allowing us to reverse quantum dynamics of many-body systems.

Figure 13: A SU(1, 1) echo demon-
strated on a Poincaré disk. Dashed
curves represent geodesics. Without the
echo, the trajectory moves towards the
boundary circle, representing a growth of
the particle number at the excited states
without an upper bound. Implementing
the echo, the system could recover the
initial state, as shown by the green tra-
jectory. Blue spheres in the boxes show
the occupations at the ground and excited
states.

To describe such dynamics, a generic Hamiltonian in the Bo-
goliubov theory reads, H =

∑
k⃗ Hk⃗,

Hk⃗(t) = ξ0(k⃗)K0 + ξ1(k⃗)K1 + ξ2(k⃗)K2, (5)

where K0 =
1
2(c

†
k⃗
ck⃗+c−k⃗c

†
−k⃗

), K1 =
1
2(c

†
k⃗
c†
−k⃗

+ck⃗c−k⃗) and K2 =
1
2i(c

†
k⃗
c†
−k⃗

− ck⃗c−k⃗), c
†
k⃗

and c†
−k⃗

are the bosonic creation operators

at the momentum states denoted by k⃗ and −k⃗, respectively. ξ⃗ =
{ξ1, ξ2, ξ3} depend on the kinetic energy and interaction strength.
Because Hk⃗ are decoupled from one another, we focus on a single
pair of momentum states. The three operators, Ki=1,2,3, satisfy

[K1,K2] = −iK0, [K0,K1] = iK2, [K2,K0] = iK1. (6)

Therefore, they form the generators of the SU(1, 1) group. Start-
ing from any initial state |0⟩, the propagator produces an element
in SU(1, 1), P (t)|0⟩ = Te−i

∫ t
0 dt′Hk⃗(t

′)|0⟩, where T is the time-
ordering operator and P (t) is the propagator. Since the global
U(1) phase does not affect physical observables, such a dynami-
cal evolution corresponds to a path on a Poincaré disk, a geometric
representation of SU(1, 1)/U(1).

A Poincaré disk is parameterized by a complex number z =
x + iy with |z| ≤ 1. It represents a prototypical model of the
hyperbolic surface, and the metric reads, ds2 = 4(dx2+dy2)

(1−x2−y2)2 . Each point on Poincaré disk has a one-to-one

mapping to a quantum state,|z⟩ =
√
1− |z|2

∑
n z

n|n⟩k⃗|n⟩−k⃗, where |n⟩k⃗ = c†n
k⃗
|0⟩/

√
n!. Starting from

an initial state |z⟩, a propagator during an infinitesimal time leads to the evolution from |z⟩ to |z+dz⟩. The
overlap between these two states is directly related to the metric by an identity ds2 = 4(1− |⟨z|z+ dz⟩|2).
As such, a geometric representation of the quantum dynamics is established and allows us to directly
visualize some fundamental phenomena in non-equilibrium dynamics. For instance, the aforementioned
exponential growth in some excited states corresponds to an open path moving towards the boundary circle
of the Poincaré disk, the infinity in the hyperbolic geometry. With fixing ξ1 and ξ2, the population grows
fastest when ξ0(k⃗) = 0. On the Poincaré disk, the trajectory moves along a geodesic connecting two points,
correlating the shortest distance in geometry to the shortest time in quantum dynamics. In stationary states,
none of these phenomena is accessible. In this sense, non-equilibrium dynamics following driving BECs
out of equilibrium allow the hidden hyperbolic geometry to emerge.

This geometric representation of non-equilibrium dynamics has a unique application in reversing dy-
namics of quantum systems, which is desirable for many purposes. It is well-known that spin echoes were
invented to reverse the procession of spins in inhomogeneous magnetic fields [148, 149]. To access the
so-called out-of-time-order correlators, which are of fundamental importance in multiple disciplines rang-
ing from AMO physics and condensed matter physics to high energy physics, a backward evolution of the
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A Poincaré disk is parameterized by a complex number z =
x + iy with |z| ≤ 1. It represents a prototypical model of the
hyperbolic surface, and the metric reads, ds2 = 4(dx2+dy2)

(1−x2−y2)2 . Each point on Poincaré disk has a one-to-one
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|Ψ(t)⟩ = Te−i ∫ H(ξ0,ξ1,ξ2)dt′￼|Ψ(0)⟩

points on Poincare disk: SU(1,1) coherent states

trajectories on Poincaré disk

z = x + iy

C Lyu, C Lv, Q Zhou PRL125, 253401 (2020)



Geometrization: more than visualization
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How about other systems not obeying su(2) algebra?

Out-of-time-order correlator

2

scopic couplings and/or low temperature order. Whether
the presence of these additional scales precludes fast
scrambling, at or near the conjectured bound, remains
an open question. Experimental exploration is thus cru-
cial to search for new “universality classes” of scrambling
behavior and to develop a comprehensive picture of in-
formation scrambling in systems realized in nature.

To directly measure the commutator C(t) amounts
to a measurement of an out-of-time-order correlation
function, F (t) = hW

†(t)V †(0)W (t)V (0)i where C =
2 � 2 Re[F ]. Experimentally, the measurement of F (t)
is extremely challenging because it e↵ectively involves
reversing the flow of time at various points in the mea-
surement, or equivalently, time-evolving with both the
Hamiltonian, H, and its negative counterpart, �H. A
protocol using both forward and backward time evolu-
tion has been developed to measure F [25]; while the
necessary ingredients can be engineered in a variety of
quantum optical systems, a complementary approach not
involving backwards time evolution would be advanta-
geous.

In this Letter, we introduce an interferometric ap-
proach to measure out-of-time-order correlation func-
tions which requires only local quantum control and no
reverse time evolution (Fig. 1a). Our method utilizes a
combination of Ramsey interferometry and the recently
demonstrated experimental capability to measure Renyi
entropies [26–28]. Besides not requiring reverse time
evolution, the scheme also enables the measurement of
so-called thermally regulated out-of-time-order correla-
tions, e.g. Tr[

p
⇢W

†(t)V †(0)
p

⇢W (t)V (0)] with ⇢ the
thermal state. This regulated correlator is believed to
exhibit identical early time scrambling signatures and
helps to enable analytical calculations in certain limits
[17, 21, 23, 24]. Because our scheme requires the mea-
surement of a many-body overlap, it is naturally suited
to study systems with relatively low entropy.

To this end, we perform a numerical study of
scrambling dynamics in the transverse-field Sherrington-
Kirkpatrick (TFSK) model with N ⇠ 20 spins [29–32],

HTFSK = �
1

2

X

i 6=j

Jij�
z

i
�

z

j
� �

X

j

�
x

j
(1)

where ~� are Pauli operators. The model consists of N

spins in a transverse field �, with random all-to-all Ising
interactions, Jij , drawn from a normal distribution of
zero mean and variance � =

p
J2/N [32]. The all-to-

all couplings mimic a similar aspect of black hole mod-
els and open the possibility of observing fast scrambling
[15, 21–24]. The numerics depict a rich variety of scram-
bling behaviors even for relatively small system sizes that
should be readily accessible with our protocol. Intrigu-
ingly, we also find a suggestive interplay between the
bound on scrambling and the onset of spin-glass order.
Finally, we provide a pair of cold-atom-based experimen-

tal blueprints for implementing the TFSK model and
measuring the scrambling correlation function.
General Strategy—Let us begin by considering

a many-body quantum system with Hamiltonian
H. The correlator F (t) can be written as
Tr[⇢�e

iHt
W

†(0)e�iHt
V

†(0)eiHt
W (0)e�iHt

V (0)], where
⇢� is the thermal density matrix of the system and
� = 1/kBT is the inverse temperature. Noting that
p

⇢ ⇠ ⇢�/2, our strategy will be to measure

F2(t) = Tr[e�iHt
V

†
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iHt
W

†
e
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V ⇢�/2e
iHt

W ], (2)

which is directly proportional to the thermally regulated
correlator [33]. Two remarks are in order. First, one
expects that the magnitude of the experimental signal
associated with F2(t) will decrease with system size as
it corresponds to a many-body overlap. Second, F2(t)
factorizes as � ! 1, implying that it will serve as an
accurate proxy for F (t) only at finite energy densities
[17]. As will be shown in the numerics, for mesoscopic
spin ensembles, neither of the above becomes a limiting
concern for intermediate temperatures of interest.

Crucially, the functional form of F2(t) is suggestive of
a 2nd Renyi entropy measurement [34]. Such a measure-
ment can be realized by preparing two identical copies of
a quantum system and performing a subsequent sequence
of individual SWAP operations, S, between the copies
[26]; indeed, recent experimental progress has harnessed
this approach to explore entanglement-based signatures
of thermalization [28].

With this technique in mind, we devise an interfero-
metric approach (Fig. 1b) to measuring out-of-time-order
correlation functions by utilizing only a single ancilla
qubit (with states {|#i , |"i}) and Hamiltonian evolution.
Let us begin with both copies of the system and the an-
cilla qubit prepared in the product state, ⇢(t = 0) =
(⇢�/2)

⌦2
⌦|+ih+|, where (⇢�/2)

⌦2 = ⇢�/2⌦⇢�/2. Assum-
ing that the ancilla is capable of exerting a local state-
dependent interaction on the system, time evolution then
yields,

⇢(t) =
1

2
[|"i h"|⌦(U†

"⇢�/2U")
⌦2+|#i h#|⌦(U †

#⇢�/2U#)
⌦2

+ |"i h#| ⌦ (U†
"⇢�/2U#)

⌦2 + |#i h"| ⌦ (U †
#⇢�/2U")

⌦2] (3)

where U
†
" = W

†
e
�iHt, U

†
# = e

�iHt
V and V , W are spa-

tially separated at locations i and j. Here, U
†
"(#) are uni-

tary operators that describe the combination of Hamilto-
nian time evolution and the ancilla-state-dependent in-
teraction (Fig. 1b).

Assuming that V and W are both Hermitian and
unitary, the resulting density matrix contains terms
of the form (U†

#⇢�/2U")⌦2 = e
�iHt

V ⇢�/2e
iHt

W ⌦

e
�iHt

V ⇢�/2e
iHt

W , precisely matching the desired form
of F2(t) [36]. This suggests that one may be able to ex-
tract coherences of the time-evolved density matrix and

<latexit sha1_base64="Nz72rFKxOhNKOnTRf83MxA5BeNo=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPXLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtFeM3w==</latexit>

V
<latexit sha1_base64="keL7ZJfYZJqU9ACZjp+43KBqh0Y=">AAAB8HicbVBNS8NAEN3Ur1q/qh69LBbBU0lE1GPRi8cK9kPaWDabSbp0dxN2N0IJ/RVePCji1Z/jzX/jts1BWx8MPN6bYWZekHKmjet+O6WV1bX1jfJmZWt7Z3evun/Q1kmmKLRowhPVDYgGziS0DDMcuqkCIgIOnWB0M/U7T6A0S+S9GafgCxJLFjFKjJUe2o/9kMQxqEG15tbdGfAy8QpSQwWag+pXP0xoJkAayonWPc9NjZ8TZRjlMKn0Mw0poSMSQ89SSQRoP58dPMEnVglxlChb0uCZ+nsiJ0LrsQhspyBmqBe9qfif18tMdOXnTKaZAUnni6KMY5Pg6fc4ZAqo4WNLCFXM3orpkChCjc2oYkPwFl9eJu2zundRd+/Oa43rIo4yOkLH6BR56BI10C1qohaiSKBn9IreHOW8OO/Ox7y15BQzh+gPnM8fq+OQUw==</latexit>

V †

<latexit sha1_base64="MkwrtUUGMd/YZXdz+qC3zlkQAgc=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cW7Ae0oWy2k3btZhN2N0IJ/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4bua3n1BpHssHM0nQj+hQ8pAzaqzUaPfLFbfqzkFWiZeTCuSo98tfvUHM0gilYYJq3fXcxPgZVYYzgdNSL9WYUDamQ+xaKmmE2s/mh07JmVUGJIyVLWnIXP09kdFI60kU2M6ImpFe9mbif143NeGNn3GZpAYlWywKU0FMTGZfkwFXyIyYWEKZ4vZWwkZUUWZsNiUbgrf88ippXVS9q6rbuKzUbvM4inACp3AOHlxDDe6hDk1ggPAMr/DmPDovzrvzsWgtOPnMMfyB8/kDtduM4A==</latexit>

W
<latexit sha1_base64="WvKpUIjlEWfFcLZXv9EMb2/AFSs=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cK9gPbWjbbSbp0swm7G6GE/gsvHhTx6r/x5r9x2+agrQ8GHu/NMDPPTwTXxnW/ncLK6tr6RnGztLW9s7tX3j9o6jhVDBssFrFq+1Sj4BIbhhuB7UQhjXyBLX90M/VbT6g0j+W9GSfYi2goecAZNVZ6aD12BzQMUZF+ueJW3RnIMvFyUoEc9X75qzuIWRqhNExQrTuem5heRpXhTOCk1E01JpSNaIgdSyWNUPey2cUTcmKVAQliZUsaMlN/T2Q00noc+bYzomaoF72p+J/XSU1w1cu4TFKDks0XBakgJibT98mAK2RGjC2hTHF7K2FDqigzNqSSDcFbfHmZNM+q3kXVvTuv1K7zOIpwBMdwCh5cQg1uoQ4NYCDhGV7hzdHOi/PufMxbC04+cwh/4Hz+AAZtkH4=</latexit>

W †

forward 
evolution 

Backward
evolution 

K → − K
U → − U
U → − V

H → − H

Difficult

~B
<latexit sha1_base64="23RshCKFE8d/kldmiKI+xeUMPPI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG+lXjxWMLbQhrLZTtqlm03Y3RRK6I/w4kHFq//Hm//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/fbE1SaJ/LBTFMMYjqUPOKMGiu1exNkeXPWr9bcursA+Uu8gtSgQKtf/ewNEpbFKA0TVOuu56YmyKkynAmcVXqZxpSyMR1i11JJY9RBvjh3Rs6sMiBRomxJQxbqz4mcxlpP49B2xtSM9Ko3F//zupmJroOcyzQzKNlyUZQJYhIy/50MuEJmxNQSyhS3txI2oooyYxOq2BC81Zf/Ev+iflP37i9rjWaRRhlO4BTOwYMraMAdtMAHBmN4ghd4dVLn2Xlz3petJaeYOYZfcD6+AcvKj2g=</latexit><latexit sha1_base64="23RshCKFE8d/kldmiKI+xeUMPPI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG+lXjxWMLbQhrLZTtqlm03Y3RRK6I/w4kHFq//Hm//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/fbE1SaJ/LBTFMMYjqUPOKMGiu1exNkeXPWr9bcursA+Uu8gtSgQKtf/ewNEpbFKA0TVOuu56YmyKkynAmcVXqZxpSyMR1i11JJY9RBvjh3Rs6sMiBRomxJQxbqz4mcxlpP49B2xtSM9Ko3F//zupmJroOcyzQzKNlyUZQJYhIy/50MuEJmxNQSyhS3txI2oooyYxOq2BC81Zf/Ev+iflP37i9rjWaRRhlO4BTOwYMraMAdtMAHBmN4ghd4dVLn2Xlz3petJaeYOYZfcD6+AcvKj2g=</latexit><latexit sha1_base64="23RshCKFE8d/kldmiKI+xeUMPPI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG+lXjxWMLbQhrLZTtqlm03Y3RRK6I/w4kHFq//Hm//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/fbE1SaJ/LBTFMMYjqUPOKMGiu1exNkeXPWr9bcursA+Uu8gtSgQKtf/ewNEpbFKA0TVOuu56YmyKkynAmcVXqZxpSyMR1i11JJY9RBvjh3Rs6sMiBRomxJQxbqz4mcxlpP49B2xtSM9Ko3F//zupmJroOcyzQzKNlyUZQJYhIy/50MuEJmxNQSyhS3txI2oooyYxOq2BC81Zf/Ev+iflP37i9rjWaRRhlO4BTOwYMraMAdtMAHBmN4ghd4dVLn2Xlz3petJaeYOYZfcD6+AcvKj2g=</latexit><latexit sha1_base64="23RshCKFE8d/kldmiKI+xeUMPPI=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG+lXjxWMLbQhrLZTtqlm03Y3RRK6I/w4kHFq//Hm//GbZuDVh8MPN6bYWZemAqujet+OaW19Y3NrfJ2ZWd3b/+genj0qJNMMfRZIhLVCalGwSX6hhuBnVQhjUOB7XB8O/fbE1SaJ/LBTFMMYjqUPOKMGiu1exNkeXPWr9bcursA+Uu8gtSgQKtf/ewNEpbFKA0TVOuu56YmyKkynAmcVXqZxpSyMR1i11JJY9RBvjh3Rs6sMiBRomxJQxbqz4mcxlpP49B2xtSM9Ko3F//zupmJroOcyzQzKNlyUZQJYhIy/50MuEJmxNQSyhS3txI2oooyYxOq2BC81Zf/Ev+iflP37i9rjWaRRhlO4BTOwYMraMAdtMAHBmN4ghd4dVLn2Xlz3petJaeYOYZfcD6+AcvKj2g=</latexit>

x
<latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit>

y
<latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit>

z
<latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit>

x
<latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit>

y
<latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit>

z
<latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit><latexit sha1_base64="3IRHT1v1kWoG4soqaQiIe8grnP0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Qg19Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9XpYzS</latexit> x

<latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit><latexit sha1_base64="XLchz3HyEU/cK4JC9xcF0ETZao0=">AAAB53icbVBNS8NAEJ3Ur1q/qh69LBbBU0lEUG9FLx5bMLbQhrLZTtu1m03Y3Ygl9Bd48aDi1b/kzX/jts1BWx8MPN6bYWZemAiujet+O4WV1bX1jeJmaWt7Z3evvH9wr+NUMfRZLGLVCqlGwSX6hhuBrUQhjUKBzXB0M/Wbj6g0j+WdGScYRHQgeZ8zaqzUeOqWK27VnYEsEy8nFchR75a/Or2YpRFKwwTVuu25iQkyqgxnAielTqoxoWxEB9i2VNIIdZDNDp2QE6v0SD9WtqQhM/X3REYjrcdRaDsjaoZ60ZuK/3nt1PQvg4zLJDUo2XxRPxXExGT6NelxhcyIsSWUKW5vJWxIFWXGZlOyIXiLLy8T/6x6VfUa55XadZ5GEY7gGE7BgwuowS3UwQcGCM/wCm/Og/PivDsf89aCk88cwh84nz9Un4zQ</latexit>

y
<latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit><latexit sha1_base64="RPNfgHzfVSnj/4JTUPuz/K3qJd0=">AAAB53icbVBNS8NAEJ34WetX1aOXxSJ4KokI6q3oxWMLxhbaUDbbSbt2swm7G6GE/gIvHlS8+pe8+W/ctjlo64OBx3szzMwLU8G1cd1vZ2V1bX1js7RV3t7Z3duvHBw+6CRTDH2WiES1Q6pRcIm+4UZgO1VI41BgKxzdTv3WEyrNE3lvxikGMR1IHnFGjZWa416l6tbcGcgy8QpShQKNXuWr209YFqM0TFCtO56bmiCnynAmcFLuZhpTykZ0gB1LJY1RB/ns0Ak5tUqfRImyJQ2Zqb8nchprPY5D2xlTM9SL3lT8z+tkJroKci7TzKBk80VRJohJyPRr0ucKmRFjSyhT3N5K2JAqyozNpmxD8BZfXib+ee265jUvqvWbIo0SHMMJnIEHl1CHO2iADwwQnuEV3pxH58V5dz7mrStOMXMEf+B8/gBWIozR</latexit>
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FIG. 1. (a) A spin echo on a Bloch sphere. z0 denotes the
initial state. a1 and a3 represent rotations about the y axis.
a2 and a4 represent ⇡-pulses about the z axis. (b) A SU(1, 1)
echo on a Poincaré disk. b1 and b3 represent boosts, which are
induced by the same Hamiltonian, H, along a radial direction.
b2 and b4 represent ⇡-rotations about the origin.

echoes until very recently. We have found that the dy-
namical instability of a BEC induced by quenching the
scattering length, which corresponds to a particular re-
alization of the SU(1, 1) group, could be reversed by a
family of SU(1, 1) echoes [41]. The same representation
of the SU(1, 1) group has also been considered for study-
ing periodically driven BECs in [42, 43]. In such a partic-
ular representation [41–43], k is either a positive integer
or half integer. This is similar to spin systems, whose
Casimir operator is equivalent to the angular momentum.
In both cases, the integral or half-integral k guarantees
an echo has a single period. In sharp contrast, breathers
considered here correspond to a distinct representation
that has a continuous spectrum of k. Such fundamen-
tal di↵erence provides breathers with much richer phe-
nomena ranging from an arbitrary multiplication of the
period to dynamics with non-commensurate frequencies.

K0 is the Hamiltonian of trapped BECs [17],
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We have chosen lho =
p

~/(m!0) as the unit length and
~!0 as the unit energy. In three dimensions, both non-
interacting systems and unitary fermions satisfy the com-
mutators in Eq.(1). In the latter case, V (ri � rj) should
be understood as V (ri � rj) = Ṽ (ri � rj)��i 6=�j , where
�i =", #, and produces a divergent scattering length. In
two dimensions, fermions and bosons with contact inter-
actions, V (ri � rj) ⇠ g�(ri � rj), also have the SU(1, 1)
symmetry, as �2D(�r) = �

�2
�2D(r). In single-component

bosons, interactions exist between any pair of particles.
SU(1, 1) echoes arise from the identity,

e
�i('1K1+'2K2)e

�i⇡K0e
�i('1K1+'2K2)e

i⇡K0 = I, (4)

where I is the identity operator, '1 and '2 are two ar-
bitrary real numbers. On the Poincaré disk, e�i⇡K0 is
a rotation of ⇡ about the origin, and e

�i('1K1+'2K2)

is a boost changing |z|. A simple echo is illustrated
in Fig.1(b). Starting from a given initial state, U1 =
e
�i'1K1 moves it along a diameter and is followed by
a rotation U0 = e

�i⇡K0 . Using Eq.(4), we conclude
(U0U1)2 = e

�i2⇡K0 , i.e., a rotation of 2⇡ about the ori-
gin, and thus the initial state is recovered. This echo
applies to any initial states on the Poincaré disk and any
'1K1 + '2K2.
Whereas our results apply to any eigenstates of a har-

monic trap, we first choose the ground state of the Hamil-
tonian, H0 = 2K0, as the initial state as an example to
demonstrate our scheme. To implement a SU(1, 1) echo,
the trapping frequency is suddenly changed to !1 = !0

at t = 0, where  is an arbitrary real or imaginary num-
ber. In the latter case, it corresponds to an inverted
harmonic trap. When t = t1, the original harmonic trap
is restored and the system evolves for another time pe-
riod t0. Then the above two steps are repeated. Such
dynamics are governed by the Hamiltonians,

H1 = (1 + 
2)K0 + (1� 

2)K1, nT < t < nT + t1,

H0 = 2K0, nT + t1 < t < (n+ 1)T, (5)

where n is a non-negative integer, and T = t0+ t1 defines
a period. The propagator, (U0U1)2 = (e�iH0t0e

�iH1t1)2,
from t = nT to t = (n+ 2)T can be rewritten as

e
�i(⇣1+2t0)K0e
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�i(2⇣1+2t0)K0e

�i⌘1K1e
�i⇣1K0 , (6)

where ⇣1 = arctan
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⌘
. We have used the Baker-

Campbell-Hausdor↵ decomposition,
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2 . To deliver an echo,

it is required that ⇡ = 2(t0 + ⇣1), or equivalently,
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Under this condition, (U0U1)2 = e
�i2⇡K0 . As any eigen-

state of a harmonic trap is also eigenstate of C with an
eigenvalue k(k � 1), only an extra overall phase shows
up and the system returns to the initial state after two
driving periods. Once H0 and H1 are fixed, tuning t0 to
deliver a SU(1, 1) echo is an analogue of adjusting the
duration of the pulse to create a ⇡ rotation on a Bloch
sphere in spin echoes. There also exist echoes allowing
the initial state to return in a longer time, say t = 3nT
(Supplementary Materials).
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FIG. 3. SU(1,1) echoes. (a,b) and (c,d) show the results of
quenching the interaction from U1 to 0 and U1

2 e�i⇡/2, respec-
tively, in the time interval from t = t1 to t2. t1|U1| = 0.8,
Ek/|U1| = 1.3. Insets show the modulation of interaction
strength. Starting from any initial state z0, an appropriate t2
guarantees that the system returns to the initial state after
two periods of driving. Blue and green arrowed curves repre-
sent U1 and U2, respectively. Red dashed curves with single
and double arrows denote the boost, B(⌘ cos �, ⌘ sin �), and
the rotation, R(⇡), respectively, of U1U2.

where the period Td = t1 + t2. It corresponds to pe-
riodically modifying the interaction strength in Eq. (4).
When as = 0, the propagator from t = t1 to t = Td

is given by Eq. (8), i.e., a rotation about the center of
the Poincaré disk. Such drivings allow us to manipulate
both the stable and unstable modes [29]. A particularly
interesting case is a quantum revival of the initial state
at the end of the second period. We emphasize that such
a revival is accessible for any initial state, and any H1 in
Eq. (17), not requiring a vacuum as the initial state nor
a Hamiltonian satisfying the resonant condition [14, 32].
We consider an arbitrary H1 = w0K0 + w1K1 + w2K2

with a field strength w. The Baker-Hausdor↵-Campbell
formula decomposes the propagator U1 = e�iH1t1 into

U1 = e�i⇣1K0e�i⌘1(K1 cos �1+K2 sin �1)e�i⇣1K0 , (19)

where ⇣1 = arctan
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A quantum revival on a Poincaré disk re-
quires that (U2U1)2 = 1. Using the identity
B(⌘ cos �, ⌘ sin �)R(⇡)B(⌘ cos �, ⌘ sin �) = R(⇡), where
� and ⌘ are two arbitrary real numbers, we conclude
that U2 = e�iH2t2 should satisfy

U2 = e�i⇡K0e�i(K1 cos �+K2 sin �)⌘U�1
1 . (20)

This SU(1,1) echo is analogous to the standard spin echo
using SU(2) [17], and is applicable in a variety of bosonic
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FIG. 4. The particle number at stroboscopic time mTd.
U < 0, t1|U | = 2.2, E~k/|U | = 1 and U 0/|U | = �5 ⇥ 10�6.
Inset shows the logarithm of N~k at t = 20Td, confirming an
exponential dependence of t1|U |.

systems. U2U1 corresponds to an arbitrary boost followed
by a ⇡-rotation, U2U1 = R(⇡)B(⌘ cos �, ⌘ sin �). Eq. (20)
readily determines H2 and t2. Since � and ⌘ are arbitrary,
for any H1, there is a family of H2, not just a single
Hamiltonian, that could lead to the revival.

Choosing ⌘ = ⌘1, � = �1�⇣1, we obtain H2 = u0K0,
and t2 = (⇡ � 2⇣1)/u0. This means that quenching back
to zero scattering length in Eq. (5) during the time in-
terval from t1 to t2 reverses the quantum dynamics at
t = 2(t1 + t2), as shown in Fig. 3. Alternatively, if
we quench the scattering length to a finite value, which
amounts to a di↵erent choice of ⌘ and �, the trajec-
tory from t = t1 to t = t2 is no longer a concen-
tric circle on the Poincaré disk. Nevertheless, an ap-
propriate t2 still leads to a quantum revival, as shown
in Fig. 3. If we define B(⌘ cos �, ⌘ sin �)|z0i = |z0

1i,
B(⌘ cos �, ⌘ sin �)|z1i = |z0

0i, we see that z0 = �z0
0 and

z1 = �z0
1 are satisfied by both cases, providing us with

a geometric interpretation of the quantum revival. We
thus conclude, for any H1 and t1, there is a family of H2

to deliver e�iH2t2e�iH1t1e�iH2t2 = eiH1t1 . The SU(1,1)
echo thus e↵ectively creates a reversed evolution based on
�H1, an essential ingredient in studying OTOC [24–27].

We now consider interactions between excited parti-
cles. As the population of the resonant mode grows
fastest when U is fixed, interactions at this mode be-
come the dominant corrections. The Hamiltonian be-
comes H̃~k = H~k + H 0

~k
, where H 0

~k
= U 0(4c†
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c�~kc�~k) can be rewritten as

H 0
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= 6U 0(K0 � 2/3)2, (21)

if the initial state is the two-mode vacuum. Without loss
of generality, we have denoted the interactions between
excited particles as U 0. Here, U 0 = Ũ/2V but in other
systems, U 0 might be independent of the unperturbed
Hamiltonian. A finite U 0 breaks the SU(1,1) symmetry,
and an SU(1,1) echo will not lead to a perfect revival
of the initial state. The SU(1,1) echo thus can be im-
plemented as a unique tool to measure the interactions
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Ek/|U1| = 1.3. Insets show the modulation of interaction
strength. Starting from any initial state z0, an appropriate t2
guarantees that the system returns to the initial state after
two periods of driving. Blue and green arrowed curves repre-
sent U1 and U2, respectively. Red dashed curves with single
and double arrows denote the boost, B(⌘ cos �, ⌘ sin �), and
the rotation, R(⇡), respectively, of U1U2.
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When as = 0, the propagator from t = t1 to t = Td

is given by Eq. (8), i.e., a rotation about the center of
the Poincaré disk. Such drivings allow us to manipulate
both the stable and unstable modes [29]. A particularly
interesting case is a quantum revival of the initial state
at the end of the second period. We emphasize that such
a revival is accessible for any initial state, and any H1 in
Eq. (17), not requiring a vacuum as the initial state nor
a Hamiltonian satisfying the resonant condition [14, 32].
We consider an arbitrary H1 = w0K0 + w1K1 + w2K2

with a field strength w. The Baker-Hausdor↵-Campbell
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A quantum revival on a Poincaré disk re-
quires that (U2U1)2 = 1. Using the identity
B(⌘ cos �, ⌘ sin �)R(⇡)B(⌘ cos �, ⌘ sin �) = R(⇡), where
� and ⌘ are two arbitrary real numbers, we conclude
that U2 = e�iH2t2 should satisfy

U2 = e�i⇡K0e�i(K1 cos �+K2 sin �)⌘U�1
1 . (20)

This SU(1,1) echo is analogous to the standard spin echo
using SU(2) [17], and is applicable in a variety of bosonic
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systems. U2U1 corresponds to an arbitrary boost followed
by a ⇡-rotation, U2U1 = R(⇡)B(⌘ cos �, ⌘ sin �). Eq. (20)
readily determines H2 and t2. Since � and ⌘ are arbitrary,
for any H1, there is a family of H2, not just a single
Hamiltonian, that could lead to the revival.

Choosing ⌘ = ⌘1, � = �1�⇣1, we obtain H2 = u0K0,
and t2 = (⇡ � 2⇣1)/u0. This means that quenching back
to zero scattering length in Eq. (5) during the time in-
terval from t1 to t2 reverses the quantum dynamics at
t = 2(t1 + t2), as shown in Fig. 3. Alternatively, if
we quench the scattering length to a finite value, which
amounts to a di↵erent choice of ⌘ and �, the trajec-
tory from t = t1 to t = t2 is no longer a concen-
tric circle on the Poincaré disk. Nevertheless, an ap-
propriate t2 still leads to a quantum revival, as shown
in Fig. 3. If we define B(⌘ cos �, ⌘ sin �)|z0i = |z0

1i,
B(⌘ cos �, ⌘ sin �)|z1i = |z0

0i, we see that z0 = �z0
0 and

z1 = �z0
1 are satisfied by both cases, providing us with

a geometric interpretation of the quantum revival. We
thus conclude, for any H1 and t1, there is a family of H2

to deliver e�iH2t2e�iH1t1e�iH2t2 = eiH1t1 . The SU(1,1)
echo thus e↵ectively creates a reversed evolution based on
�H1, an essential ingredient in studying OTOC [24–27].

We now consider interactions between excited parti-
cles. As the population of the resonant mode grows
fastest when U is fixed, interactions at this mode be-
come the dominant corrections. The Hamiltonian be-
comes H̃~k = H~k + H 0
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if the initial state is the two-mode vacuum. Without loss
of generality, we have denoted the interactions between
excited particles as U 0. Here, U 0 = Ũ/2V but in other
systems, U 0 might be independent of the unperturbed
Hamiltonian. A finite U 0 breaks the SU(1,1) symmetry,
and an SU(1,1) echo will not lead to a perfect revival
of the initial state. The SU(1,1) echo thus can be im-
plemented as a unique tool to measure the interactions
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does

T = T0 Agree with the well-established results
t = 0 t = T0
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
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Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.

It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as

|k, zi = (1� |z|2)k
1X

n=0

s
�(2k + n)

�(n+ 1)�(2k)
z
n |k, ni , (2)

where �(x) is the gamma function. k is determined by
the Casimir operator C = K

2
0 � K

2
1 � K

2
2 , C |k, ni =

k(k� 1) |k, ni. A single Poincaré disk is characterized by
a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines

[28–40]. However, it has not been implemented to study
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two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.
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spin problem in condensed matter systems [2–4].
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tive excitations are generated. The standard spin echoes
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tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
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trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
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gular breather agrees with well-known results in har-
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In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
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a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines

[28–40]. However, it has not been implemented to study

ar
X

iv
:2

00
8.

04
88

1v
2 

 [c
on

d-
m

at
.q

ua
nt

-g
as

]  
26

 O
ct

 2
02

0

SU(1, 1) echoes for breathers in quantum gases

Chenwei Lv,1, ⇤ Ren Zhang,1, 2, ⇤ and Qi Zhou1, 3, †

1Department of Physics and Astronomy, Purdue University, West Lafayette, IN, 47907, USA
2School of Science, Xi’an Jiaotong University, Xi’an, Shaanxi 710049

3Purdue Quantum Science and Engineering Institute,
Purdue University, West Lafayette, IN 47907, USA

(Dated: October 27, 2020)

Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
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the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
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formation about superfluidity and hydrodynamics in the
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do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
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triangle. Such an observation is readily beyond under-
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ingly, other shapes do not have regular periodicities in
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lying Hamiltonian of breathers naturally defines a period.
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Poincaré disk: Solving the mystery 
about breathers
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
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As an illustration, we show in Fig. 5(a) four images taken
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times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
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various initial atom numbers.
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the side length Ns/2 centered on the grid, obtained by
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su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
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It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as
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1X

n=0

s
�(2k + n)

�(n+ 1)�(2k)
z
n |k, ni , (2)
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SU(1, 1) has been widely applied in multiple disciplines
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tion then arises. Could we reverse many-body dynamics
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precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
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sequently, the revival times.
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Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
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are required to describe the dynamics. The interference
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gular breather agrees with well-known results in har-
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In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
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of breathers originate from an intrinsic property of rep-
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sequently, the revival times.
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body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
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Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
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characterized by a complex number |z| < 1 is written as
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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FIG. 5. (a): Density distributions of an initially triangular-shaped cloud at t/T = 0, t/T = 0.08, t/T ⇡ 1/4 and t/T ⇡ 1/2.
The first and last distributions are close one to another. (b): Scalar product between the initial density distribution of a
triangular-shaped cloud (red square) and the density distributions during its evolution in the harmonic trap. The first point
is fixed at 1. The dashed lines indicate where t/T is a multiple of 1/2. The shape seems to be periodic of period T/2. (c):
Density distributions of an initially disk-shaped cloud at t/T = 0, t/T ⇡ 2/7, t/T ⇡ 1 and t/T ⇡ 2. The first two and the last
distributions are close one to the others. (d): Scalar product between the initial density distribution of a disk-shaped cloud
(red square) and the density distributions during its evolution in the harmonic trap. The first point is fixed at 1. The dashed
lines indicate where t/T is a multiple of 2/7. The shape seems to be periodic of period 2/7. On (a) and (c), the horizontal
black lines represent 10 µm. On (b) and (d), the black arrows indicate the point corresponding to density distributions shown
on (a) and (c) respectively. The error bars represent the statistical error of the measurement.

the exception of the breathing mode [15]), the population
of this mode should be vanishingly small to avoid damp-
ing via non-linear mixing. Extending this scheme to the
superposition of several modes in order to generate more
complex types of breathers seems difficult. Indeed the
eigenmode frequencies are in general non-commensurable
with each other, therefore the periodicity of the motion
cannot occur as soon as several modes are simultaneously
excited [32]. Note that for a negative interaction coeffi-
cient g̃ in 1D, a bright soliton forms a stable steady-state
of the Gross–Pitaevskii equation (even for ! ! 0) and
thus also matches our definition. In that particular 1D
case, a richer configuration exhibiting explicitly the re-
quired time-periodicity is the Kuznetsov–Ma breather,
which is obtained by superposing a bright soliton and a
constant background (see e.g. [33] and refs. in).

Here, we are interested in 2D breathers that go well
beyond a single mode excitation and we start our study
with the uniform triangular shape. In this case, for ex-
periments performed with a gas in the Thomas–Fermi
regime, we find that the evolution of the shape is periodic
with period T/2 within the precision of the measurement.
As an illustration, we show in Fig. 5(a) four images taken
between t = 0 and T/2. The scalar product (n(0)|n(t))
between the initial distribution and the one measured at
times T/2, T , 3T/2 and 2T , shown in Fig. 5(b), is indeed
very close to 1. We could reproduce the same result for
various initial atom numbers.

We did not find an analytical proof of this remark-
able result, but we could confirm it numerically by sim-

ulating the evolution of a wave function  (r, t) with the
Gross–Pitaevskii equation [34]. We show in Fig. 6(a) a
few snapshots of the calculated density distribution, and
in Fig. 6(b) the evolution of the modulus of the (usual)
scalar product |h (0)| (t)i| between the wave functions
at times 0 and t. The calculation was performed on a
square grid of size Ns ⇥ Ns with Ns = 512. The initial
wave function is the ground state of a triangular box with
the side length Ns/2 centered on the grid, obtained by
imaginary time evolution for g̃N = 25600. Note that by
contrast to the "scalar product between images" intro-
duced above, the quantity |h (0)| (t)i| is also sensitive
to phase gradients of the wave functions. Its evolution
shows clear revivals approaching unity for t close to mul-
tiples of T/2.

We show in Fig. 7(a) the finite-size scaling analysis of
the value of the first maximum of this scalar product
occurring at tmax ⇡ T/2, for increasing grid sizes Ns =
64, . . . , 1024. The product g̃N is adjusted such that the
healing length ⇠ = [N~2/(2mEi)]1/2 = a`, where ` is
the grid spacing and a2 = 0.5, 1, 2, 4, 8. The condition
a ⌧ Ns ensures that ⇠ is much smaller than the size of
the triangle (Thomas–Fermi regime), while having a & 1
provides an accurate sampling of the edges of the cloud.
The overlap between | (0)i and | (tmax)i increases with
the grid size, and reaches 0.995 for the largest grid.

In the simulation, the trapping frequency ! is ad-
justed such that |�E| ⌧ Etot in Eq. (7); the cloud then
keeps an approximately constant area over time, which is
favourable for the numerics. Note that this choice does
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Though the celebrated spin echoes have been widely used to reverse quantum dynamics, they are
not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
su(1, 1) algebra. Geometrically, SU(1, 1) echoes produce closed trajectories on a single or multiple
Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
In particular, the initial shape of a breather determines the superposition of trajectories on multiple
Poincaré disks and whether the revival time has period multiplication. Our work provides physicists
with a recipe to tailor collective excitations of interacting many-body systems.

It is notoriously di�cult to reverse quantum many-
body dynamics, which requires changing the signs of all
terms in the Hamiltonian simultaneously and reversing
the dynamics of all particles in a synchronized means.
Nevertheless, the well-established spin echoes [1] have
been widely used to overcome dephasing in spin systems,
laying the foundation of many modern technologies, rang-
ing from the nuclear magnetic resonance to the central
spin problem in condensed matter systems [2–4].

The study of collective excitations has been a main
theme in ultracold atoms and related topics [5–9].
Breathing modes (or breathers) of interacting fermions
and bosons have provided physicists with valuable in-
formation about superfluidity and hydrodynamics in the
past two decades [10–15]. However, it is in general a
grand challenge to recover the initial state once collec-
tive excitations are generated. The standard spin echoes
do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
of breathers in interacting bosons and fermions?

In this work, we implement the SU(1, 1) group to de-
sign echoes to reverse collective excitations of quantum
gases. If the initial state is an eigenstate of a harmonic
trap, SU(1, 1) echoes can be geometrized using a sin-
gle Poincaré disk and guarantee that the initial state re-
turns at 2nT , where n is an integer and T is the period
of repeated drivings. When the initial state is not an
eigenstate of a harmonic trap, multiple Poincaré disks
are required to describe the dynamics. The interference
between trajectories on these Poincaré disks determines
whether the revival time is 2T or longer, the latter corre-
sponding to period multiplication. When incommensu-
rate frequencies exist in the dynamics, the revival time
extends to infinity. These results shed light on remark-
able phenomena observed in a recent experiment by Dal-
ibard’s group at ENS [16].

Following the seminal work by Pitaevskii and Rosch

[17], breathers in quantum gases have been extensively
studied [18–26]. However, the fundamentally important
role of initial shapes was not noted until the ENS ex-
periment [16], which found that the period of a trian-
gular breather agrees with well-known results in har-
monic traps when the quantum anomaly is negligible.
In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
of breathers originate from an intrinsic property of rep-
resenting the SU(1, 1) group. In particular, the underly-
ing algebra and the geometric representation of SU(1, 1)
echoes allow us to infer how initial shapes of breathers
lead to distinct superpositions of Poincaré disks and con-
sequently, the revival times.
Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
disk [27], where each point on the disk is a SU(1, 1) co-
herent state, as shown in Fig. 1. Such a coherent state
characterized by a complex number |z| < 1 is written as

|k, zi = (1� |z|2)k
1X

n=0

s
�(2k + n)

�(n+ 1)�(2k)
z
n |k, ni , (2)

where �(x) is the gamma function. k is determined by
the Casimir operator C = K

2
0 � K

2
1 � K

2
2 , C |k, ni =

k(k� 1) |k, ni. A single Poincaré disk is characterized by
a unique k. n is obtained from K0 |k, ni = (k + n) |k, ni.
SU(1, 1) has been widely applied in multiple disciplines

[28–40]. However, it has not been implemented to study
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not applicable to systems whose constituents are beyond the control of the su(2) algebra. Here, we
design echoes to reverse quantum dynamics of breathers in three-dimensional unitary fermions and
two-dimensional bosons and fermions with contact interactions, which are governed by an underlying
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Poincaré disks and thus could recover any initial states without changing the sign of the Hamiltonian.
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In this work, we implement the SU(1, 1) group to de-
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In sharp contrast, an initial disk shape leads to an un-
precedented period multiplication, quadrupling that of a
triangle. Such an observation is readily beyond under-
standings built upon previous works [17–26]. More strik-
ingly, other shapes do not have regular periodicities in
experimentally accessible timescales, though the under-
lying Hamiltonian of breathers naturally defines a period.
This remarkable ENS experiment remains unexplained as
of now. Here, we show that these extraordinary behaviors
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Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
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grand challenge to recover the initial state once collec-
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do not apply to these breathers, whose relevant degrees
of freedom do not obey the su(2) algebra. A crucial ques-
tion then arises. Could we reverse many-body dynamics
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of repeated drivings. When the initial state is not an
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triangle. Such an observation is readily beyond under-
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This remarkable ENS experiment remains unexplained as
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echoes allow us to infer how initial shapes of breathers
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Generators of SU(1, 1) satisfy

[K1,K2] = �iK0, [K2,K0] = iK1, [K0,K1] = iK2. (1)

Geometrically, SU(1, 1)/U(1) corresponds to a Poincaré
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Including the overall phase of the wavefunction

2

constant ⇠. Meanwhile, the line element,

ds =
q

�⇠20 + ⇠21 + ⇠22d⌧/(2~) (4)

is equivalent to the experimental time d⌧ once the field
strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
in Eq.(3) can be either real or imaginary, dependent on
Sign(⇠2). This simply corresponds to whether it is space-
like or timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U =
Te�i

R
d⌧ 0H(⌧ 0)/~ with H(⌧) =

P2
i=0 ⇠i(⌧)Ki [21],

U = e�iK0('� )e�2iK1⌘e�iK0('+ ), (5)

where ⌘,  and ' are functions of ⌧ . Since i~dU
d⌧ U

�1 =P2
i=0 ⇠i(⌧)Ki, we obtain ⇠i = Tr[i~dU

d⌧ U
�1K†

i ], with

Cartan-Killing inner product Tr(KiK
†
j ) = �ij [22]. Sub-

stituting Eq.(5) to the right-hand side of this expression,
⇠i is expressed as a function of ⌘,  , ' and d⌘/d⌧ , d /d⌧ ,
d'/d⌧ . The line element in Eq.(4) is then expressed in
terms of ⌘,  , ' and d⌘, d , d', and we obtain

ds2 = d⌘2 � cosh2(⌘)d'2 + sinh2(⌘)d 2. (6)

Eq.6 describes a curved spacetime with a constant nega-
tive curvature, known as the Anti-de Sitter (AdS) space-
time in (2+1) dimensions [23]. A coordinate transforma-
tion ⌘ = 2arctanh(⇢) leads to

ds2 = �
✓
1 + ⇢2

1� ⇢2

◆2

d'2+
4

(1� ⇢2)2
�
d⇢2 + ⇢2d 2

�
, (7)

and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.

�

��
O

P
R

P� 

FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
proper distance, geodesics distinguish themselves from
other trajectories. Counterparts of geodesics in AdS2+1

turn out to be quench dynamics, in which ⇠i=0,1,2 are
time-independent constants,

Tr


d

d⌧

✓
i
dU

d⌧
U�1

◆
K†

i

�
= 0. (9)

Applying the parameterization of U in Eq. 5, we obtain

d2'

d⌧2
= �2 tanh(⌘)

d'

d⌧

d⌘

d⌧
,

d2⌘

d⌧2
= � sinh(⌘) cosh(⌘)

"✓
d'

d⌧

◆2

�
✓
d 

d⌧

◆2
#
,

d2 

d⌧2
= �2 coth(⌘)

d 

d⌧

d⌘

d⌧
.

(10)

This is precisely geodesic equations in AdS2+1 (Supple-
mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D

φ

ρψ
O

AdS2+1
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ds2 = �
✓
1 + ⇢2

1� ⇢2

◆2

d'2+
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(1� ⇢2)2
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d⇢2 + ⇢2d 2
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and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.
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FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
proper distance, geodesics distinguish themselves from
other trajectories. Counterparts of geodesics in AdS2+1

turn out to be quench dynamics, in which ⇠i=0,1,2 are
time-independent constants,
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Applying the parameterization of U in Eq. 5, we obtain
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This is precisely geodesic equations in AdS2+1 (Supple-
mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D
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TABLE I. Generators of su(1,1) algebra in some Hermitian and non-Hermitian systems. a, b (a(†), b(†)) are bosonic annihilation
(creation) operators. R is the hyper-radius. s0 is the three-body parameter. R and ~ri has the unit of harmonic length
l0 =

p
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where U(~r) is the interaction giving rise to a divergent
scattering length. Without loss of generality, we have
considered a time-dependent trapping frequency. Using
the fourth row of Table I, we see that

H = ~!(t)
⇥�
� + ��1

�
K0 �

�
� � ��1

�
K1

⇤
, (12)

where �(t) = M(t)!(t)
M(0)!(0) . !0 = !(0) sets the time scale

of the system. We have defined the SU(1,1) genera-
tors using the Hamiltonian at t = 0. The mass M is
fixed for unitary fermions in 3D harmonic traps, but
can, in general, be tuned as a function of time. For
instance, the e↵ective mass at band bottom in an op-
tical lattice could be tuned through a time-dependent
tunnelling strength [20]. Since ⇠0 = ~!(��1 + �), ⇠1 =
~!(��1 � �), when !(t) = 0, ⇠0 = ⇠1, and ⇠ = 0. Turn-
ing o↵ the harmonic trap, the free expansion of uni-
tary fermions thus corresponds to light propagating on
the light cone of AdS2+1. If the system is initially pre-
pared at the many-body ground state in a harmonic trap
of a frequency !0, the trajectory in AdS2+1 is written
as (⌘(t),'(t), (t)) = (arcsinh(!0t/2), arctan(!0t/2), 0).
Correspondingly, hK0i(t) = (1+!2

0t
2/2)hK0i(0), hK1i =

�!2
0t

2/2hK0i(0). The radius of the fermion cloud is then
written as hr2i(t)/hr2i(0) = 1 + !2

0t
2.

Similarly, dynamics in a confining (repelling) potential
with a positive (negative) !2 is mapped to trajectories in
the timelike (spacetime) regime. It is worth mentioning
that unitary fermions is only one example of many-body
systems with scale-invariant systems. Other examples in-
clude 2D fermions and bosons with contact interactions,
Calogero-Sutherland gases with 1/r2 interaction [24–28].
The same conclusions also apply to these systems.

Two-mode and one-mode squeezing in quantum optics
provide alternative representations of SU(1,1) group, as
shown in Table I [29]. Bose-Einstein condensates with
time-dependent interactions, spinor condensates with
time-dependent quadratic Zeeman splitting, and fast ro-
tating gases in the lowest Landau levels also allow ex-
perimentalists to access two-mode squeezing [30–33]. In

all these systems, parametric amplifications, which are
also referred to as dynamical instability [34–38], may oc-
cur when ⇠2 < 0. As such, the light cone in the emer-
gent AdS2+1 underlies the onsite of parametric amplifi-
cation. The dynamically stable (unstable) regime then
corresponds to the timelike (spacelike) regime. Similar
conclusions hold in Floquet deformed conformal field the-
ory, where the non-heating (heating) phase corresponds
to the timelike (spacelike) regime [39, 40].

Among all representations of SU(1,1) group, it is worth
mentioning the non-Hermitian one, as shown by the last
row of Table I. Since the angular momentum opera-
tors Si=0,1,2 satisfy [Si, Sj ] = i✏ijkSk, where ✏ijk is the
Levi-Civita symbol, it is clear that K1,2 = iS1,2 and
K0 = S0 transfer the su(2) algebra to the su(1,1) al-
gebra. In other words, the Hamiltonian of a spin subject
to a complex magnetic field, ~B = {B0, B1, B2}, can be
written as H(⌧) =

P2
i=0 ⇠iKi, or equivalently, H(⌧) =P2

i=0 Bi(⌧)Si, where B0 = ⇠0 2 R and B1,2 = i⇠1,2 2 I.
Such a Hamiltonian plays a fundamental role in non-
Hermitian physics. A profound result is the existence
of an exceptional point denoted by

P2
i=0 B

2
i = 0. Such

an exceptional point signifies the PT transition across
which the energy spectrum becomes complex. It has also
been widely implemented in quantum sensing [41–49].

A unique feature of the exceptional point is that eigen-
states coalesce. Such coalesced eigenstates make it prob-
lematic to apply the conventional method of expand-
ing the time-dependent wavefunction using eigenstates.
Here, we see that dynamics at the exceptional point are
dual to light propagating on the light cone of AdS2+1.
For instance, starting from the ground state of a Hamil-
tonian H = B0S0, where B0 2 R, a quantum quench by
suddenly turning onB1 = iB0,H = B0(S0+iS1) accesses
dynamics on the light cone. Similarly, the PT symmetry
broken(unbroken) phase is mapped to spacelike(timelike)
regime in AdS2+1. Though circuit depth and complexity
are often used in unitary evolutions of Hermitian sys-
tems, the intrinsic relation between SU(1,1) and SU(2)
tells us they can also be implemented in non-Hermitian
systems.

In addition to providing a new theoretical perspective
to equate quantum dynamics and geometry, the emer-
gent AdS2+1 o↵ers experimentalists a unique means to
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constant ⇠. Meanwhile, the line element,

ds =
q

�⇠20 + ⇠21 + ⇠22d⌧/(2~) (4)

is equivalent to the experimental time d⌧ once the field
strength ⇠ is fixed. We can thus directly correlate the ex-
perimental time to circuit depth and obtain the shortest
possible time to achieve the target state using the infor-
mation provided by the metric of the emergent space-
time. Whereas F � 0 is often chosen, here, F defined
in Eq.(3) can be either real or imaginary, dependent on
Sign(⇠2). This simply corresponds to whether it is space-
like or timelike in the emergent spacetime as shown later.

We consider a parameterization of the propagator U =
Te�i

R
d⌧ 0H(⌧ 0)/~ with H(⌧) =

P2
i=0 ⇠i(⌧)Ki [21],

U = e�iK0('� )e�2iK1⌘e�iK0('+ ), (5)

where ⌘,  and ' are functions of ⌧ . Since i~dU
d⌧ U

�1 =P2
i=0 ⇠i(⌧)Ki, we obtain ⇠i = Tr[i~dU

d⌧ U
�1K†

i ], with

Cartan-Killing inner product Tr(KiK
†
j ) = �ij [22]. Sub-

stituting Eq.(5) to the right-hand side of this expression,
⇠i is expressed as a function of ⌘,  , ' and d⌘/d⌧ , d /d⌧ ,
d'/d⌧ . The line element in Eq.(4) is then expressed in
terms of ⌘,  , ' and d⌘, d , d', and we obtain

ds2 = d⌘2 � cosh2(⌘)d'2 + sinh2(⌘)d 2. (6)

Eq.6 describes a curved spacetime with a constant nega-
tive curvature, known as the Anti-de Sitter (AdS) space-
time in (2+1) dimensions [23]. A coordinate transforma-
tion ⌘ = 2arctanh(⇢) leads to

ds2 = �
✓
1 + ⇢2

1� ⇢2

◆2

d'2+
4

(1� ⇢2)2
�
d⇢2 + ⇢2d 2

�
, (7)

and brings the boundary ⌘ = 1 to ⇢ = 1 as shown
in Fig. 1. Starting from a reference state, which is
placed at the origin, any quantum evolution governed by
a Hamiltonian H =

P2
i=0 ⇠iKi is mapped to a trajectory

(⌘(⌧),'(⌧), (⌧)) in this AdS2+1. When ' is constant,
ds2 = d⌘2 + sinh2(⌘)d 2, AdS2+1 reduces to a Poincaré
disk, recovering the geometry we previously obtained
about geometrizing SU(1, 1)/U(1) [17]. Whereas we have
been focusing on an isotropic and homogeneous cost func-
tion F , our results can be generalized to anisotropic or
non-uniform F that may produce even more intriguing
spacetimes (Supplementary Materials).

If ⇠ = 0, from Eq.(4), we see that this gives rise to
ds = 0, i.e., the light cone in AdS2+1. Using Eq.(6),
the explicit expression of the light cone can be obtained
from d⌘2 = cosh2(⌘)d'2 � sinh2(⌘)d 2. The light cone
centered at the origin is written as

'± arctan(sinh(⌘)) = 0. (8)

When ⇠2 < 0 (⇠2 > 0), the quantum evolution is mapped
to a trajectory in the spacelike (timelike) regime.
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FIG. 1. An AdS2+1. Each cross section with a constant ' is
a Poincaré disk. Starting from the initial state O, the shortest
path OPR minimizes the cost or equivalently, the time spent
from O to R. OP and PR lay on the light cone of O and
P , respectively. A deviation from this trajectory, for instance
OP

0
R, where P

0 is not on the light cone of O, increases the
cost and the time to reach the same target state R.

Being the local extreme of the proper time or the
proper distance, geodesics distinguish themselves from
other trajectories. Counterparts of geodesics in AdS2+1

turn out to be quench dynamics, in which ⇠i=0,1,2 are
time-independent constants,

Tr


d

d⌧

✓
i
dU

d⌧
U�1

◆
K†

i

�
= 0. (9)

Applying the parameterization of U in Eq. 5, we obtain
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This is precisely geodesic equations in AdS2+1 (Supple-
mentary material). Geodesics of AdS2+1 thus underlie
quantum quench dynamics of systems with SU(1,1) sym-
metry.

Since our results can be applied to any systems with
SU(1,1) symmetry, this geometrical approach provides
a unified perspective to understand and explore a wide
range of prototypical phenomena that appear discon-
nected, including but not limited to examples shown in
Table I. In the following discussions, we will use a few
di↵erent systems to demonstrate various aspects of the
emergent AdS2+1. Applications of our results to any
other systems with SU(1,1) symmetry are straightfor-
ward.

In the simplest representation using a single particle,
K0 (K1) is the Hamiltonian in a harmonic (inverted har-
monic) trap and K2 is the scaling operator. More in-
teresting representations arise in Efimov states in three-
body problems and interacting many-body systems. For
instance, the Hamiltonian of unitary fermions in a 3D

In AdS, moving on light cones

Application: shortcuts to adiabaticity 
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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FIG. 3. A schematic of tunnelings between AdS2+1 space-
times.
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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times.
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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FIG. 3. A schematic of tunnelings between AdS2+1 space-
times.
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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FIG. 2. (a) S(�, t1) for trajectories deformed from the short-
est path OPR. (t1 = T1�, � = 0) corresponds to OPR with
a vanishing S. Representing results of a particular class of
deformed trajectories. T1 = 1/!0, T2 = 2/!0 are used. (b)
PR1 and PR2 are the shortest paths from a given initial state
at P to a spiral that corresponds to states with di↵erent '. It
takes longer time along any other path such as PR

0 to access
the same ⌘ and '�  .

manipulate quantum dynamics. In quantum controls, a
primary question is how to fast access a target state [50].
Since our geometric approach has transformed time spent
in laboratories to length in AdS2+1, the shortest path
in such a spacetime directly unfolds the optimal choice
with the least time. Though a geodesic in AdS2+1 is
a local extreme, since AdS2+1 is a pseudo-Riemannian
manifold, the shortest length turns out to be zero. This
can be easily seen from Fig. 1, which shows the shortest
path corresponding to a particular two-step evolution. In
the first step, starting from the initial state at the ori-
gin O, the Hamiltonian is chosen as ~!0(K0 + K1) and
the propagator UPO = e�i(K0+K1)!0T1 produces a trajec-
tory on the light cone of O. The length of OP is thus
zero. After reaching a particular point P , the Hamil-
tonian is quenched to ~!0(K0 � K1) and the propaga-
tor URP = e�i(K0�K1)!0T2 in the second step connect-
ing P and R falls on the light cone of P . As such, the
length in the second step also vanishes. The total length
of the shortest trajectory produced by the propagator
Utar = URPUPO is hence zero.

To future analyze the shortest path, we consider a de-
viation of the first step, i.e., H1(�) = ~!0

⇥
(��1 � �)K0 +

(��1 + �)K1

⇤
for 0 < t < t1. We note that e�iH1(�)t1/~

becomes UPO as � ! 0 while keeping t1 = T1�. To
reach the target state, the Hamiltonian in the second
step is changed to H2 = ⇠0K0 + ⇠1K1 + ⇠2K2 corre-
spondingly for t1 < t < t1 + t2. To be explicit, H2 =
i~
t2
log

�
UtareiH1(�)t1/~�. The total cost S(�, t1) = S1 + S2

can be evaluated (Supplementary Materials). Results de-
picted in Fig. 2 clearly show that the cost increases when
� 6= 0 and t1 6= T1�. We therefore conclude that, for any
fixed field strength ⇠, one can adjust its direction such
that the trajectory approaches the shortest path OPR
shown in Fig. 1 so as to minimize the time to access the
target state at R.

Each point (⌘, ,') in an AdS2+1 can be uniquely as-
signed with a wavefunction. For instance, when con-

sidering two-mode squeezing, choosing the vacuum as
the origin, (⌘, ,') is mapped to the SU(1, 1) coherent
state [17]

|⌘,', i = e�i' cosh�1(⌘)
1X

n=0

(�i tanh(⌘)e�i('� ))n |ni

(13)
where |ni denotes a Fock state with n particles in each
bosonic mode. ' thus corresponds to the overall phase
of the wavefunction, ⌘ determines the average particle
number n̄ = 2 sinh2(⌘), and '� gives rise to the relative
phase between di↵erent Fock states. Whereas both ⌘ and
'� can be measured in experiments, the overall phase
' is more tricky.

We emphasize that the change of the overall phase '
is measurable, for instance, by coupling the system to
an external quantum spin-valve [51–53]. Nevertheless, it
is useful to consider platforms in which the change of '
is not easy to measure. In such a situation, states with
the same ⌘ and ' �  but di↵erent ' correspond to a
spiral in AdS2+1, as shown in Fig. 2b. When those states
cannot be distinguished in experiments, experimentalists
could only access ⌘ and ' �  . It is thus desirable to
seek the shortest time to transport an initial state P to
this spiral. Since the spiral and the light cone of P have
two intersection points R1 and R2, based on the previous
discussions, it takes least time to reach R1 and R2 by
using quench dynamics represented by the arrow PR1 or
PR2 that lies on the light cone of P . If one chooses a
di↵erent quench dynamics such as PR0 that corresponds
to a constant ', it takes a longer time to reach the spiral
and access the same observables ⌘ and '�  .

Similar to the conservation of the angular momen-
tum in SU(2), the eigenvalue of the Casimir operator,
C = K2

0�K2
1�K2

2 , in SU(1,1) is also conserved. In other
words, each AdS2+1 spacetime emergent from quantum
dynamics is characterized by a unique C. If we view an
AdS2+1 spacetime as a universe, trajectories correspond-
ing to quantum dynamics induced by K0,1,2 are always
confined in the same universe. Nevertheless, other oper-
ators can be introduced into the Hamiltonian such that
tunnelings between di↵erent universes may occur. This
can also be demonstrated using the two-mode squeezing.
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A key question： how to access fastest dynamics?

Answer from geometry: shortest path



Building Krylov complexity from circuit complexity
3

This is the metric of a 3-sphere.
We note that Eq.(1) can be understood as an expansion

of the coherent state using |On), which plays the roles
of eigenstates of Ŝz in the usual spin problem. To be
explicit,

�n(t) = e�i`('+ ) cos2`(✓/2)

s
(2`)!

n!(2`� n)!
µn, (10)

where µ = i tan(✓/2)ei . As such, ' controls the global
phase,  denotes the relative phase between �n. And
✓ determines the amplitude distribution of |�n|2. Very
often, two operators with the same global phase can
be identified as the same one. As such, the state C-
complexity is defined as the minimum of C-complexity
to the final state with di↵erent ' but the same  and
✓. Since Eq. 9 is a quadratic form of d', extremizing
Eq. 9 by setting d' = � cos(✓)d reduces a 3-sphere to
a 2-sphere

ds2 = `2(d✓2 + sin2(✓)d 2). (11)

Each point on the 2-sphere is equivalent to a coherent
state |C

0
✓, ) ⌘ |C✓, ,0). Since the geodesics of a 2-sphere

are big circles, the state C-complexity could be visualized
as the length of the arc along a big circle connecting the
initial and the final operators, or equivalently, the polar
angle ✓, as shown in Fig. 1.

Since |C
0
✓, ) form an overcomplete basis, we could ex-

pand |On) using |C
0
✓, ),

|On) =
2`+ 1

4⇡

Z
sin(✓)d✓d fn(✓, )|C

0
✓, ), (12)

in the same manner as expanding the eigenstates of Ŝz

using spin coherent states, where |fn(✓, )|2 = |�⇤n|
2
'=0 is

centered around ✓n = arccos(1� n/`). This is precisely
the Husimi Q-representation of |On)(On| using the co-
herent state of operators [39]. On the 2-sphere, |O0) and
|O2`) are placed at the south and the north poles, respec-
tively. Each other |On 6=0) corresponds to a strip along a
latitude with a finite width. The projection of the strip
to the z-axis is equally spaced and the height of the strip
measured from the south pole linearly increases with n.
In other words, each |On) can be assigned a unique co-
ordinate on the z-axis, n. This is directly a consequence
of the metric tensor in Eq.(11). We conclude that once
the metric of the operator space is fixed in the study of
C-complexity, the distance between basis states in the
Krylov space is uniquely determined.

Since the weight of |O(t)) in |On) is given by |�n(t)|2,
K-complexity defined in Eq.(2) could be viewed as the
height of |O(t)) measured from the south pole, in the
same manner as the expectation value of Ŝz of a spin.
This is the physical meaning of K-complexity in the geo-
metric representation of C-complexity. For the dynamics

A z zB

CK

|�0)
|�1)
|�2)
|�n)� C

|�(0)) |�0)
|�1)
|�2)

|�n)�
C

|�(0))

|�(t)) |�(t))

CK

FIG. 1. A schematic of the Krylov basis as strips on a
2-sphere (A) and a hyperboloid (B) for SU(2) and SU(1,1),
respectively. The curves on the surfaces denote the geodesics
and the geodesic length is state C-complexity C. The height
of the final operator is K-complexity CK .

generated by L̂ = BŜx in Eq.(5), the evolution of the op-
erator is equivalent to a spin processing about the x-axis.
The state C-complexity, which equals the polar angle ✓,
grows linearly as a function of time, C = `✓(t) = `Bt. K-
complexity, the height of the final operator is equivalent
to the average value of Ŝz of a spin, CK = `� ` cos(Bt).
The same discussions apply to SU(1,1), where bn in

Eq. 5 is replaced by
p

(n+ 1)(2k + n), and k is the
Bargmann index, a counterpart of ` in SU(2). The
state C-complexity could be visualized using a hyper-
bolic surface embedded in Minkowski space. As shown
in Fig. 1(B), each point on the hyperbolic surface is an
SU(1,1) coherent state in the operator space,

|C 0

✓, ) =
eik 

cosh2k(✓/2)

X

n

s
�(2k + n)

�(2k)n!
µ̃n

|On) (13)

where µ̃ = i tanh(✓/2)ei . C is the length of the arc con-
necting the initial and final operators on the hyperbolic
surface and grows linearly as a function of time, C = kBt.
The Krylov basis states again correspond to strips on
this surface. On the z-axis, |On) are equally spaced, and
CK is the height of the final operator measured from the
initial operator placed at the bottom of the hyperbolic
surface. When C-complexity grows linearly, the height
of the final operator grows exponentially. This provides
a geometric interpretation of the exponentially growing
K-complexity,

CK(t) = k cosh(Bt)� k. (14)

The metric of operator space, for instance, the 2-sphere
in Eq.(11), depends on ds defined in Eq.(8). In the study
of C-complexity, it is known that the metric of the opera-
tor space could change if a di↵erent ds is used. Physically,
this originates from that it may be easier (or more dif-
ficult) to implement certain gates than others [33]. For
instance, in SU(2), one may choose

ds2 = `2dt2(B2
x +B2

y + �2B2
z ). (15)
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